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Existence of extremal Beltrami coefficients with
nonconstant modulus
GUOWU YAO
ABSTRACT. Suppose [µ]T (∆) is a point of the universal Teichmu¨ller space T (∆). In 1998, it
was shown by Bozˇin et al. that there exists µ such that µ is uniquely extremal in [µ]T (∆) and has
a nonconstant modulus. It is a natural problem whether there is always an extremal Beltrmai
coefficient of constant modulus in [µ]T (∆) if [µ]T (∆) admits infinitely many extremal Beltrami
coefficients. The purpose of this paper is to show that the answer is negative. An infinitesimal
version is also obtained. Extremal sets of extremal Beltrami coefficients are considered and an
open problem is proposed.
1 . Introduction
Suppose D is a Jordan domain in the complex plane C and w = f(z) be a quasi-
conformal mapping on D. The complex dilatation of f is defined by
µ(z) =
fz¯(z)
fz(z)
,
which is also called the Beltrami coefficient of f .
Let M(D) be the open unit ball of L∞(D). Let z1, z2, z3 be three boundary points
on ∂D. For a given µ ∈M(D), denote by fµ the uniquely determined quasiconformal
mapping of D onto itself with complex dilatation µ and normalized to fix z1, z2, z3.
The elements of M(D) are also called Beltrami coefficients. Two elements µ and ν in
M(D) are Teichmu¨ller equivalent, which is denoted by µ ∼ ν, if fµ|∂D = f
ν|∂D. Then
T (D) =M(D)/ ∼ is the Teichmu¨ller space of D. The equivalence class of the Beltrami
coefficient zero is the basepoint of T (D).
Given µ ∈M(D), we denote by [µ]T (D) the set of all elements ν ∈M(D) equivalent
to µ, and set
(1. 1) k(µ) = inf{‖ν‖∞ : ν ∈ [µ]}.
We say that µ is extremal (in [µ]T (D)) if ‖µ‖∞ = k(µ), uniquely extremal if ‖ν‖∞ > k(µ)
for any other ν ∈ [µ]T (D). Accordingly, f
µ is called extremal (uniquely extremal)
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quasiconformal mapping for its boundary correspondence. Let [µ]∗
T (D) denote the set
of all extremal Beltrami coefficients in [µ]T (D).
Throughout the paper, let A(D) denote the Banach space of all holomorphic func-
tions ϕ in the domain D with L1−norm
‖ϕ‖ =
∫∫
D
|ϕ(z)|dxdy <∞.
Two elements µ and ν in L∞(D) are infinitesimally equivalent, which is denoted
by µ ≈ ν, if
∫∫
D
µφdxdy =
∫∫
D
νφdxdy for all φ ∈ A(D). Denote by N(D) the
set of all the elements in L∞(D) which are infinitesimally equivalent to zero. Then
B(D) = L∞(D)/N(D) is the tangent space of the Teichmu¨ller space T (D) at the
basepoint.
Given µ ∈ L∞(D), we denote by [µ]B(D) the set of all elements ν ∈ L
∞(D) infinites-
imally equivalent to µ, and set
(1. 2) ‖µ‖B(D) = inf{‖ν‖∞ : ν ∈ [µ]B(D)}.
We say that µ is extremal (in [µ]B(D)) if ‖µ‖∞ = [µ]B(D), uniquely extremal if ‖ν‖∞ >
‖µ‖∞ for any other ν ∈ [µ]B(D). µ is also called extremal Beltrami coefficient if it is
extremal and ‖µ‖∞ < 1. Similarly, let [µ]
∗
B(D) denote the set of all extremal elements
in [µ]B(D).
A Beltrami coefficient µ is said to be of constant modulus if it has the form
(1. 3) µ(z) = k
ϕ(z)
|ϕ(z)|
,
where k ∈ [0, 1) is a constant and ϕ is a complex-valued function in D with ϕ 6= 0 a.e.
Particularly, if ϕ 6≡ 0 is meromorphic in D, µ is then called a Teichmu¨ller Beltrami
coefficient.
Let ∆ be the unit disk {|z| < 1}. In this paper, unless otherwise specified, we
restrict the considerations to the special case D = ∆ in order to simplify exposition.
For a given point [µ]T (∆) in the universal Teichmu¨ller space T (∆), there are two
cases for the extremal Beltrami coefficients among [µ]T (∆). One is that there is a unique
extremal Beltrami coefficient in [µ]T (∆) which may be of constant modulus or not (ref.
[1]). The other is that there are more than one extremal Beltrami coefficient in [µ]T (∆).
In the latter case, in fact there are infinitely many extremal Beltrami coefficients in
[µ]T (∆) (see [9, 2]). Moreover, in this setting there definitely exists an extremal Beltrami
coefficient of nonconstant modulus in [µ]T (∆) (see [7, 11, 12]).
Is there always an extremal Beltrami coefficient of constant modulus in [µ]T (∆) if it
contains infinitely many extremal Beltrami coefficients? It is a natural problem (also
posed in [12]). The author recently [10] constructed certain [µ]T (∆) admitting infinitely
many extremal Beltrami coefficients such that it contains no extremal Teichmu¨ller Bel-
trami coefficients. Perhaps one still expects that [µ]T (∆) contains at least an extremal
Beltrami coefficient of constant modulus. However, the following counterexample the-
orem gives the converse answer.
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Theorem 1. There exists a point [µ]T (∆) in the universal Teichmu¨ller space T (∆)
admitting more than one extremal Beltrami coefficient, such that [µ]T (∆) contains no
extremal Beltrami coefficients of constant modulus.
Corollary 1. There exists some [µ]T (∆) in T (∆) admitting more than one extremal
Beltrami coefficient, such that [µ]T (∆) contains no extremal Teichmu¨ller Beltrami coef-
ficients.
We also obtain an infinitesimal version of Theorem 1.
Theorem 2. There exists a point [µ]T (∆) in B(∆) admitting more than one extremal
Beltrami coefficient, such that [µ]T (∆) contains no extremal Beltrami coefficients of
constant modulus.
Corollary 2. There exists some [µ]B(∆) in B(∆) admitting more than one extremal
Beltrami coefficient, such that [µ]B(∆) contains no extremal Teichmu¨ller Beltrami coef-
ficients.
Delta Inequalities are introduced in Section 2. Some preparations are done in
Section 3. After giving Reich’s Construction Theorem and its applications in Section
4, we present the proofs of our main results in Section 5. At the end, we consider the
extremal sets of extremal Beltrami coefficients and pose an open problem.
The results as well as the method used here can be extended to more general
hyperbolic Riemann surfaces and their Teichmu¨ller spaces.
2 . Delta Inequalities
For µ ∈ L∞(∆), φ ∈ A(∆), let
(2. 1) Λµ[φ] =
∫∫
∆
µ(z)φ(z)dxdy, λµ[φ] = ReΛµ[φ].
The functional δ = δµ is defined on ∆ by
δ(ϕ) = ‖µ‖∞‖ϕ‖ − λµ[ϕ], ϕ ∈ A(∆).
We say that µ ∈ L∞(∆) satisfies Reich’s condition on a set E ⊂ ∆ if there exists a
sequence ϕn in A(∆) so that δ(ϕn) → 0 and lim inf |ϕn(z)| > 0 for almost all z in E.
Meanwhile, ϕn(z) is called a Reich’s condition sequence for µ on E.
Remark 1. A Reich’s condition sequence is also called a Delta sequence which was
first introduced in [5].
As is well known, a necessary and sufficient condition (Hamilton-Krushkal-Reich-
Strebel condition) that a quasiconformal mapping f is extremal (for its boundary val-
ues) is that [8] its Beltrami coefficient µ has a so-called Hamilton sequence, namely, a
sequence {φn ∈ A(∆) : ‖φn‖ = 1, n ∈ N}, such that
(2. 2) lim
n→∞
Λµ[φn] = lim
n→∞
∫∫
∆
µφn(z)dxdy = ‖µ‖∞.
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Now, we introduce Reich’s Delta Inequality and Infinitesimal Delta Inequality on
the unit disk ∆. Their generalized forms play important roles in the joint work [1] of
Bozˇin et al.
Suppose that µ and ν are two equivalent Beltrami coefficients in the universal Teich-
mu¨ller space T (∆). Let µ˜ and ν˜ be the Beltrami coefficients of the quasiconformal
mappings f−1 and g−1 respectively, where f = fµ and g = f ν.
Delta Inequality. If µ and ν are equivalent Beltrami coefficients in T (∆) with
‖ν‖∞ ≤ k = ‖µ‖∞ < 1,
then
(2. 3)
∫∫
∆
|
µ˜(f)− ν˜(f)
1− µ˜(f)ν˜(f)
|2|ϕ| ≤ C(k‖ϕ‖ −Re
∫∫
∆
µϕ),
for all ϕ in A(∆). The constant C depends only on k = ‖µ‖∞.
Infinitesimal Delta Inequality. There exists a universal constant C such that for
every pair of infinitesimally equivalent Beltrami coefficients µ and ν with
‖ν‖∞ ≤ ‖µ‖∞ <∞,
we have
(2. 4)
∫∫
∆
|µ − ν|2|ϕ| ≤ C‖µ‖∞(‖µ‖∞‖ϕ‖ −Re
∫∫
∆
µϕ),
for all ϕ in A(∆). The constant C is independent of µ and ν.
3 . Some preparations
Let Ji & ∆ (i = 1, 2, . . . ,m) be m (m ∈ N) Jordan domains such that Ji (i =
1, 2, . . . ,m) are mutually disjoint and ∆\ ∪m1 Ji is connected. Let µ be a Beltrami
coefficient in M(∆). Let T (Ji) be the Teichmu¨ller space of Ji respectively.
Lemma 1. Let Ji & ∆ (i = 1, 2, . . . ,m) be given as above and let J = ∪m1 Ji. Let µ and
ν be two equivalent Beltrami coefficients in T (∆). In addition, suppose µ(z) = ν(z) for
almost every z ∈ ∆\J. Then, fµ(z) = f ν(z) for all z in ∆\J and hence fµ(J) = f ν(J).
Proof. For the sake of convenience, let f = fµ and g = f ν. Let µg◦f−1(w) denote the
Beltrami coefficient of g ◦ f−1. By a simple computation, we have
(3. 1) µg◦f−1 ◦ f(z) =
1
τ
µ(z)− ν(z)
1− µ(z)ν(z)
,
where τ = fz/fz.
Thus, µg◦f−1(w) = 0 for almost all w ∈ f(∆\J) and hence Ψ = g ◦ f
−1 is conformal
on ∆\J. Since Ψ|S1 = g◦f
−1|S1 = id, we conclude that Ψ = id in f(∆\J). Furthermore,
we conclude that Ψ|f(∂J) = id by the continuity of quasiconformal mappings. Thus,
g|∆\J = f |∆\J, which evidently gives the theorem.
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From Lemma 1, we easily obtain
Lemma 2. Let Ji (i = 1, 2, . . . ,m) and J be given as above. Suppose that µ(z) is
a Beltrami coefficient in M(∆). Let ν(z) be an other Beltrami coefficient in M(∆)
defined as follows
ν(z) =
{
µ(z), z ∈ ∆\J,
βi(z), z ∈ Ji, i = 1, 2, . . . ,m,
where βi(z) ∈M(Ji) (i = 1, 2, . . . ,m). Then the following three conditions are equiva-
lent:
(a) [µ]T (∆) = [ν]T (∆),
(b) [µi]T (Ji) = [βi]T (Ji), where µi is the restriction of µ on Ji (i = 1, 2, . . . ,m),
(c) fµ(z) = f ν(z) for all z on ∪m1 ∂Ji.
Proof. (a)=⇒(c): It is a direct corollary of Lemma 1.
(c)=⇒(b): It follows from the definition of Teichmu¨ller equivalence class.
(b)=⇒(a): Let fµ|J : J→ f
µ(J) be the restriction of fµ on J. Since [µi]T (Ji) = [βi]T (Ji),
by the definition of Teichmu¨ller equivalence class and Riemann Mapping Theorem,
there exists a quasiconformal mapping gi from Ji onto f
µ(Ji) such that the Beltrami
coefficient µgi of gi is βi(z) on Ji (i = 1, 2, . . . ,m), which implies (a).
To obtain Theorem 2, we also need an infinitesimal version of Lemma 2.
Lemma 3. Let Ji (i = 1, 2, . . . ,m) and J be given as above. Suppose that µ(z) is
a Beltrami coefficient in M(∆). Let ν(z) be an other Beltrami coefficient in M(∆)
defined as follows
ν(z) =
{
µ(z), z ∈ ∆\J,
βi(z), z ∈ Ji, i = 1, 2, . . . ,m,
where βi(z) ∈ M(Ji) (i = 1, 2, . . . ,m). Then the following two conditions are equiva-
lent:
(a) [µ]B(∆) = [ν]B(∆),
(b) [µi]B(Ji) = [βi]B(Ji), where µi is the restriction of µ on Ji (i = 1, 2, . . . ,m).
Before proving Lemma 3, we introduce Lemma 5 of [1] as
Lemma 4. Let D ⊂ ∆ be a subdomain such that D ⊂ ∆ and ∆ −D is connected and
dense in ∆−D. Then the restrictions to D of quadratic differentials in A(∆) are dense
in A(D).
Proof of Lemma 3: It is evident that (b) implies (a). We only need to show that
(a) implies (b). If (a) holds, then for any ϕ ∈ A(∆),∫∫
∆
µϕ =
∫∫
∆
νϕ.
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Because µ(z) = ν(z) for z ∈ ∆\J, we have
(3. 2)
∫∫
∪m
1
Ji
µϕ =
∫∫
J1
µ1ϕ+
m∑
i=2
∫∫
Ji
µiϕ =
∫∫
J1
β1ϕ+
m∑
i=2
∫∫
Ji
βiϕ.
Applying Runge’s theorem to Ji (i = 1, 2, . . . ,m), there exists a polynomial sequence
{ψn} such that
lim
n→∞
∫∫
Ji
|ψn − ϕ| = 0, i = 2, . . . ,m,
and
lim
n→∞
∫∫
J1
|ψn| = 0, i = 1.
Notice that
(3. 3)
∫∫
J1
µ1(ϕ−ψn)+
m∑
i=2
∫∫
Ji
µi(ϕ−ψn) =
∫∫
J1
β1(ϕ−ψn)+
m∑
i=2
∫∫
Ji
βi(ϕ−ψn).
Taking the limit on the two side of the above equality, we get
(3. 4)
∫∫
J1
µ1ϕ =
∫∫
J1
β1ϕ.
Furthermore, by Lemma 4, for any φ ∈ A(J1),∫∫
J1
µ1φ =
∫∫
J1
β1φ.
Namely, [µ1]B(J1) = [β1]B(J1). Similarly, [µi]B(Ji) = [βi]B(Ji) (i = 2, . . . ,m). Thus, the
proof of Lemma 3 is completed.
4 . Construction Theorem and its applications
The following Construction Theorem is essentially the same as that of Reich’s Con-
struction Theorem [6].
Construction Theorem. Let A be a compact subset of ∆ consisting of m (m ∈ N)
connected components and such that each connected component contains at least two
points. There exists a function α ∈  L∞(∆) and a sequence ϕn ∈ A(∆) (n = 1, 2, . . .)
satisfying the following conditions (4. 1)− (4. 4):
(4. 1) |α(z)| =
{
0, z ∈ A,
1, for a.a. z ∈ ∆\A,
(4. 2) lim
n→∞
{‖ϕn‖ − λα[ϕn]} = 0,
(4. 3) lim
n→∞
|ϕn(z)| =∞ a.e. in ∆\A.
and as n→∞,
(4. 4) ϕn(z)→ 0 uniformly on A.
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Proof. Reich’s Construction Theorem [6] gives the theorem when m = 1. For simplicity
and without loss of generality, we assumem = 2. Thus, since A is compact and has two
connected components, ∆\A is triply connected. Let X and Y denote two connected
components of A.
Let {Jn}, {Xn} and {Yn} be closed Jordan domains with the following properties:
Jn ⊂ ∆, Jn ⊂ Int(Jn+1), Xn ⊂ ∆, Xn+1 ⊂ Int(Xn), Yn ⊂ ∆,
Yn+1 ⊂ Int(Yn), Jn ∩Xn = ∅, Jn ∩ Yn = ∅, Xn ∩ Yn = ∅,
|
∞⋃
1
Jn| = |∆\A|,
∞⋂
1
Xn = X,
∞⋂
1
Yn = Y.
The rest proof takes word by word from Reich’s. In addition, equation (4. 4) is implied
in his proof.
Combining the Construction Theorem and Lemma 1, we get
Lemma 5. Let Ji & ∆ (i = 1, 2, . . . ,m) be m Jordan domains such that Ji (i =
1, 2, . . . ,m) are mutually disjoint and ∆\ ∪m1 Ji is connected. Let A = ∪
m
1 Ji. Suppose
α(z) and the sequence ϕn ∈ A(∆) be constructed by the Construction Theorem and let
µ(z) = kα(z) where k < 1 is a positive constant. Set
ν(z) =
{
µ(z), z ∈ ∆\A,
βi(z), z ∈ Ji, i = 1, 2, . . . ,m,
where βi(z) is in M(Ji) with ‖βi‖∞ ≤ k (i = 1, 2, . . . ,m). Then
(1) ν(z) is extremal in [ν]T (∆) and for any χ(z) in [ν]
∗
T (∆), χ(z) = ν(z) for almost
all z in ∆\A;
(2) ν(z) is extremal in [ν]B(∆) and for any χ(z) in [ν]
∗
B(∆), χ(z) = ν(z) for almost
all z in ∆\A.
Proof. Obviously, ‖µ‖∞ = ‖ν‖∞ = k. Set E = ∆\A. Notice that the sequence ϕn(z)
satisfies the conditions (4. 2) (4. 3) and (4. 4). We have
lim
n→∞
∫∫
A
|ϕn(z)|dxdy = 0
and hence
lim
n→∞
∫∫
A
β(z)ϕn(z)dxdy = 0.
Furthermore, by
k
∫∫
E
|ϕn(z)|dxdy −Re
∫∫
E
µ(z)ϕn(z)dxdy ≤ ‖ϕn‖ − λα[ϕn],
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we achieve
lim
n→∞
(k
∫∫
∆
|ϕn(z)|dxdy −Re
∫∫
∆
ν(z)ϕn(z)dxdy)
= lim
n→∞
(k
∫∫
E
|ϕn(z)|dxdy −Re
∫∫
E
µ(z)ϕn(z)dxdy)
+ lim
n→∞
(k
∫∫
A
|ϕn(z)|dxdy −Re
∫∫
A
β(z)ϕn(z)dxdy) = 0.
In short,
(4. 5) lim
n→∞
(k‖ϕn‖ − λν [ϕn]) = 0.
Thus, by equation (4. 3) and Fatou’s lemma,
k −Re
∫∫
∆
ν(z)
ϕn(z)
‖ϕn‖
−→ 0, n→∞,
which shows that ν(z) is extremal in [ν]T (∆) and hence is extremal in [ν]B(∆).
(1) Assume that χ(z) is extremal in [ν]T (∆), i.e. χ(z) ∈ [ν]
∗
T (∆). Let ν˜(w), χ˜(w)
denote the Beltrami coefficients of (f ν)−1 and (fχ)−1 respectively. We claim that
ν˜(f ν(z)) = χ˜(f ν(z)) for almost every z ∈ ∆\A. Suppose to the contrary. Then there
would exist ǫ > 0 and a compact subset S of ∆\A with positive Lebesgue measure such
that | eν(f
ν)−eχ(fν)
1−eν(fν)eχ(fν)
| ≥ ǫ > 0 on S. Then, by the Delta Inequality (2. 3) there exists a
positive constant C depending only on k such that
(4. 6)
∫∫
∆
|
ν˜(f ν)− χ˜(f ν)
1− ν˜(f ν)χ˜(f ν)
|2|ϕn| ≤ C(k‖ϕn‖ −Re
∫∫
∆
νϕn),
Therefore,
(4. 7)
ǫ2
4
∫∫
S
|ϕn| ≤ C(k‖ϕn‖ −Re
∫∫
∆
νϕn) = C(k‖ϕn‖ − λν [ϕn]).
The left of the above inequality has a positive lower bound by (4. 3) and Fatou’s lemma
while the right tends to 0 as n→∞ by (4. 5). This contradiction induces our claim.
Applying Lemma 1 to J˜ = f ν(∪m1 Ji) on the target unit disk, we find that (f
ν)−1(w) =
(fχ)−1(w) for all w in f ν(E) and (f ν)−1(J˜) = (fχ)−1(J˜). In other words, f ν(z) = fχ(z)
for all z in E. Therefore, ν(z) = χ(z) for almost every z in E.
(2) Applying the Infinitesimal Delta Inequality, one easily shows that ν(z) is ex-
tremal in [ν]B(∆) and for any χ(z) in [ν]
∗
B(∆), χ(z) = ν(z) for almost all z in ∆\A. We
skip the details here.
5 . Proof of the main results
To prove our main results, it suffices to construct µ ∈ M(∆) such that [µ]∗
T (∆) or
[ν]∗
B(∆) contains more than one extremal Beltrami coefficient and contains no extremal
Beltrami coefficients of constant modulus.
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Proof of Theorem 1: Suppose m ≥ 2. Let Ji (i = 1, 2, . . . ,m) be given as in
Lemma 5. Choose A = ∪m1 Ji. Let α(z) and the sequence ϕn ∈ A(∆) be constructed
by the Construction Theorem and let µ(z) = kα(z) where k < 1 is a positive constant.
By the Counterexample Theorem in [1] (or see [6]), there exists a Beltrami coefficient
β1(z) in M(J1) with ‖β1‖∞ = k such that β1 is uniquely extremal in [β1]T (J1) and |β1|
is not a.e. constant on J1. Now, set
(5. 1) ν(z) =

µ(z), z ∈ ∆− ∪m1 Ji,
β1(z), z ∈ J1,
βi(z), z ∈ Ji, 1 < i ≤ m,
where β2(z) ∈ M(J2) is chosen with ‖β2‖∞ < k and βi(z) ∈ M(Ji) with ‖βi‖∞ ≤ k
(i 6= 1, 2). Then ν(z) is extremal in [ν]T (∆) in virtue of Lemma 5 but is not uniquely
extremal for ‖β2‖∞ < k on J2.
We continue to show that [ν]T (∆) contains no extremal Beltrami coefficients of
constant modulus. Suppose γ(z) ∈ [ν]T (∆) is extremal. Then |γ(z)| ≤ k for almost all
z in ∆.
On the other hand, combining Lemma 5 and Lemma 2, we have
[β1]T (J1) = [γ|J1 ]T (J1),
where γ|J1 is the restriction of γ on J1.
Notice that β1 is uniquely extremal in [β1]T (J1) with ‖β1‖∞ = k and |β1| is not a.e.
constant on J1. We find γ(z) = β1(z) for almost all z ∈ J1. Thus, we prove, for any
γ(z) extremal in [ν]T (∆), |γ| is not a.e. constant on J1.
This completes the proof of Theorem 1.
Proof of Theorem 2: For simplicity we use the same denotations as in the proof
of Theorem 1. We only need to show [ν]B(∆) satisfies the requirement of Theorem 2,
where ν(z) is constructed by (5. 1).
It follows that ν is extremal in [ν]∗
B(∆) from Lemma 5 and is not uniquely extremal
by the Equivalence Theorem in [1]. Suppose γ(z) ∈ [ν]B(∆) is extremal. Then |γ(z)| ≤ k
for almost all z in ∆.
Because β1 is uniquely extremal in [β1]T (J1) with ‖β1‖∞ = k, β1 is uniquely extremal
in [β1]B(J1) again by the Equivalence Theorem.
On the other hand, combining Lemma 5 and Lemma 3, we have
[β1]B(J1) = [γ|J1 ]B(J1),
where γ|J1 is the restriction of γ on J1. We again find that γ(z) = β1(z) for almost
all z ∈ J1. Notice that |β1| is not a.e. constant on J1. Thus, we prove, for any γ(z)
extremal in [ν]B(∆), |γ| is not a.e. constant on J1. Namely, [ν]B(∆) contains no extremal
Beltrami coefficients of constant modulus. The proof of Theorem 2 is completed.
We do not know whether there is some essential relation between [µ]T (∆) and [µ]B(∆)
if [µ]T (∆) or [µ]B(∆) contains an extremal Beltrami coefficient of constant modulus. The
following problem might be interesting.
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Problem 1. Suppose µ is an extremal Beltrami coefficient. If [µ]T (∆) contains an
extremal Beltrami coefficient of constant modulus, does it imply that [µ]B(∆) does also?
What about the converse?
Remark 2. Recently, Fan J. and Chen J. [3] gave a negative answer to the above
problem in virtue of the method used in this paper.
6 . On the measure of extremal sets
Suppose µ is an extremal Beltrami coefficient. For any η extremal in [µ]T (∆) (or
[µ]B(∆)), let X[η] = {z ∈ ∆ : |η(z)| = ‖µ‖∞}. We call X[η] the extremal set of η.
Suppose ν is constructed as (5. 1) in the proof of Theorem 1. Let l = mes(X|J1 [β1])
be the Lebesgue measure of the extremal set X|J1 [β1] = {z ∈ J1 : |β1(z)| = ‖β1‖∞ =
k}. Thus, in virtue of the proof of Theorem 1 (or Theorem 2), for any extremal Beltrami
coefficient η in [ν]T (∆) (or [ν]B(∆)), X[η] satisfies
l + π −
m∑
i=1
mes(Ji) ≤ mes(X[η]) ≤ l + π −mes(J1).
Therefore, we have proved
Corollary 3. Suppose s, t ∈ [0, π] are two arbitrarily given constants with s < t, then
there exists [µ]T (∆) ∈ T (∆) (or B(∆)) such that [µ]
∗
T (∆) ([µ]
∗
B(∆)) contains infinitely
many elements and for any η ∈ [µ]∗
T (∆) (or [µ]
∗
B(∆)), s ≤ mes(X[η]) ≤ t.
Corollary 3 actually solves two problems about the measure of extremal sets posed
in [12]. Naturally, it is interesting for us to consider the special case that the extremal
sets of all elements in [µ]∗
T (∆) ([µ]
∗
B(∆)) have the same measure. Precisely, we pose
Problem 2. Suppose for any extremal Beltrami coefficient η in [µ]T (∆) (or [µ]B(∆)),
mes(X[η]) = s, where s ∈ [0, π] is a constant. Whether does it imply that [µ]∗
T (∆) (or
[µ]∗
B(∆)) contains only one element (i.e., uniquely extremal one)?
If [µ]T (∆) ([µ]B(∆)) contains infinitely many extremal Beltrami coefficients, then
there exists at least an extremal Beltrami coefficient in [µ]T (∆) ([µ]B(∆)) with noncon-
stant modulus. Considering from the Acknowledgement, this result is actually due to
Reich [7], and it was explicitly expressed in [12] again. A similar discussion related to
the result was given by Markovic´ and Mateljevic´ in [4]. It was proved for the case of
more general hyperbolic Riemann surfaces in [11] recently. Thus, we have an affirmative
answer to Problem 2 when s = π, the rest case of which is open. We further believe
that, in the setting of being non-uniquely extremal, [µ]T (∆) ([µ]B(∆)) contains infinitely
many extremal coefficients with nonconstant modulus; moreover, if [µ]T (∆) ([µ]B(∆))
admits an extremal with constant modulus, then admits infinitely many. However, we
get no proof up to present.
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